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Abstract : Weakly prime and weakly semiprime ideals in ordered semigroups have been
introduced and studied by N. Kehayopulu in [4]. In this paper we introduced and studied the
left weakly prime and weakly semiprime ideals of ternary semigroups. We also prove that any
left ideal of ternary semigroup is the intersection of all irreducible left weakly prime ideals of
ternary semigroup containing it.
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1.Introduction :

Weakly prime and weakly semiprime ideals in ordered semigroups have been introduced and studied by
N. Kehayopulu in [4] who gave the characterizations of Weakly prime and weakly semiprime ideals. In this
paper, we introduced and studied the Weakly prime and weakly semiprime ideals of ternary semigroups.

MSC 2010 Subject classification: 20M12, 20M17.

2. Main Result:

Definition 2.1:Let T be a ternary semigroup and S < T . Sis called left (lateral, right) weakly prime if for
any left(lateral, right) ideals A,B,C of T suchthat ABC — Swehave AcSor BcSor CcS.

Definition 2.2: Let T be a ternary semigroup and S — T . Sis called left (lateral, right) strongly prime if for
any left(lateral, right) ideals A,B,C of T such that ABC "BCANCAB < Swe have Ac Sor Bc Sor
CcS.

Definition 2.3: Let T be a ternary semigroup and S — T . Sis called left (lateral, right) weakly semiprime if
for any left(lateral, right) ideals A of T such that {0} # A’ =S we have AcS.

S is called left (lateral, right) weakly semiprime ideal of T if S left (lateral, right) ideal which is left (lateral,
right) weakly semiprime.

Definition 2.4:A ternary semigroup is called a fully left (lateral, right) weakly prime ternary semigroup if all
its left (lateral, right) ideals are left (lateral, right) ) weakly prime left (lateral, right) ideals.

A ternary semigroup is called a fully left (lateral, right) weakly semi prime ternary semigroup if all its
left (lateral, right) ideals are left (lateral, right) ) weakly semi prime left (lateral, right) ideals.
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One can easily see that the concepts of the left weakly prime, left strongly prime and the left weakly
semiprime are the extension of the concepts of weakly prime and weakly semiprime of ternary semigroup.

The left strongly prime ideals is left weakly prime ideals and the left weakly prime ideals are left
weakly semiprime ideals but the converse is not true. We show it by the following example.

Example 2.5: We consider the set T ={p,q,r,s,t}, defined by multiplication and the order below
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Clearly T is aternary semigroup.

The right ideals of T are the sets {p,r,s,t}and T.

The  left ideals of T are the sets {p} , {r} , {pr} ., {ps} . {rt} . {p.rs},
{p.r.t} {a,r,t},{p.a,r.t}{prst}andT.

The ideals of T are the sets {p,r,s,t}and T.

The left weakly prime ideals of T are {p}, {r}, {p,r}, {p,s}, {p.r,s}, {a,r.t}, {p,q,r,t}, {p,r,s,t}
and T.

The left ideals {r,t}and {p,r,t} are not left weakly prime ideals. In fact,

{p.ri{p.rt}{a,rty={rthbut {p,r} ¢ {rtlor{p,rt} ¢ {rthor{q,rt} & {r.t}.

{p.r.sH{p.rst}{art={rt)c{p,rtibut{prs} ¢ {p,rt} or{p,rst} ¢ {prt} or{qrt} ¢

{p.r.t}.
The left strongly prime ideals of Tare {p,s}, {q,r,t},{p,q,r,t}and {p,r st}

All left ideals of Tare left weakly semiprime,so Tis a fully left weakly semiprime ternary semigroup. However ,
left ideals {r,t}and {p,r,t} are left weakly semiprime ideals but they are not left weakly prime ideals and left
strongly prime ideals.

Infact, {p.a.rti{art{prstin{arti{prst{partin{prsti{part}{art}={rt},
But{p,q,r,t} g{r.t}, {a,r,t}e{r,t}and{pr st} ¢{rt}

p.a.r.tH{a,r.t}{prstin{qrt{prst{p.artin{prst}{p,artHart}={rt}
c{p.rt},
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But {p,r,s,t}¢{p.r.t}, {qrt}¢{prtand {p,qrt}z{pr,t}.

We now introduce an irreducible left (lateral, right) ideal, strongly irreducible left (lateral, right) ideal
and characterize irreducible, strongly irreducible left (lateral, right) ideals.

Definition2.6: A left (lateral, right) ideal L of a ternary semigroup T is called an irreducible left(lateral, right)
ideal if L, "L, "L, = Limplies either L, =Lor L, =L or L, = Lforevery leftideal L,L,andL,of T.

Definition2.7: A left(lateral, right) ideal L of a ternary semigroup T is called an strongly irreducible
left(lateral, right) ideal if L, ML, mL; < Limplies either L — Lor L, < L or L, < L for every left ideal

L,LandL,of T.

Every strongly irreducible left ideal of a ternary semigroup is an irreducible left ideal but the converse is not
true.

The following exampleshows that an irreducible left ideal of a ternary semigroup may not be a strongly
irreducible left ideal.

Example 2.8: We consider the set T = { p,q,r,s.t, u} defined by multiplication and the order below.
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For an easy way we can check that T is a ternary semigroup.

All left ideals of T are the sets:
{t} {a.t}.{s,t}.{p.s.t}.{a,s,t}.{r.st}{s,t,u},{p,r,st},{p,a,st} {p,s,t,u}

{a.r,s,t}{astu}{r,s,t,u},{p,q,rs,t},{p.a,stu},{prstu},{qrstu}
andT.
All irreducible left ideals are the sets:

{a.t},{p,r,s,t},{p.a,st},{pstu}.{arstHastu}{rstul,{paqr,s,t}

{p.a,s,t,ul{p,r,stu}{qgrstu}andT.

All strongly irreducible left ideals are the sets:

{a.t},{p,q,r,s,t}{p,q,s,t,u}{p,r,st,u}{q,r,st,ufandr.

Theorem 2.9 : Every strongly irreducible left weakly semiprime ideal of a ternary semigroup T is left

strongly prime ideal and the concepts of left strongly prime ideals and left weakly prime ideals of T are the
same.
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Proof: Let S be a left weakly semiprime ideal of a ternary semigroup T. Let A,B,C be any three left ideals of T
such that ABC nBCANCAB < S . By known theorem , we have

(AnBNC)’ < ABC,(AnBNC)’ = BCAand(ANBNC)’ c CAB.

so (AnBNC)’ c ABCNBCANCABCS.

Since S be a left weakly semiprime ideal,then ANBNC < S.
AsS is a strongly irreducible left ideal, hence either Ac SorBc SorC < S .

Thus S is a left strongly prime ideal.

Obviously, left strongly prime ideals are left weakly semiprime ideals.
Conversely, let S be a left weakly semiprime ideal of a ternary semigroup T, A,B,C be any three left ideals of T
such that ABC "BCANCAB cS.

Since ABC N"BCANCAB s a left ideal of Tand

ABC NnBCANCAB < ABC nBCANCAB.

By hypothesis either ABC < ABC nBCANCAB or

BCA < ABC nBCANCABor CAB — ABC"BCANCAB,

So either ABC = Sor BCAcSorCAB cS.

Since S is a left weakly prime ideal of T, then either Ac SorBc SorC cS.
That is S is a left strongly prime ideal of T.

Theorem 2.10 : Let T be aternary semigroup. Then the following conditions are equivalent:

i) The left ideals of T form a chain under inclusion.
ii) Every left ideal of T is strongly irreducible.
iii) Every left ideal of T is irreducible

Proof: (i) = (ii)

Let S be a left ideal of T and let A,B,C are three left ideals of T suchthat ANBNC < S.
Since the left ideals of T form a chain under inclusion, so we have Ac B,CorBc A, CorCc A B .

Thus either ANBNC =Aor ABNC=Bor ANBNC=C..

Hence ANBNC < S.implies either Ac SorBc Sor C < S . i.e, T is strongly irreducible.
(iii) = (iii)

Let S be a left ideal of T and let A,B,C are three left ideals of T suchthat ANBNC =S.

Then S < A,S < BandS < C .By hypothesis either AcSorBc= SorC < S,

so either A=SorB=SorC =S.i.e, Sisirreducible.

(iii) = (i)

Let A,B,C are three left ideals of T, ANB NC isa left ideal of T.

So, by hypothesis either A= ANBNCorB=AnBNCorC=AnBNC.

It implies either Ac B,CorBc A CorCc AB .

That is, the left ideals Tform a chain under inclusion.

Definition 2.11: An element a of a ternary semigroup T is a left(lateral, right) semi regular element if
a = pgarsatua (a=pagrastau, a=apqarsatu) for some p,q,r,s,t,ueT .

Definition 2.12:T is called left(lateral, right) semiregular if all elements of T are left(lateral, right) semiregular.
T is called quasi-completely regular if T is a left or right semiregular.

Equivalently definition a e TTaTTaTTa forevery aeT .
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Example 2.13: We consider theset T = { p,q,r, s,t}, defined by multiplication and the order below
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Clearly T is aternary semigroup.

foranyx e T. If x = g, then x e XTTXTTXTT ={p,r,s,t},
TTXTTXTTX = {x}

SOX e XTTXTTXTT; XTTXTTXTT.

qTToTTqTT =T° =T and TTq ={p,q,r,s,t},

so qeqTTgTTgTT and q e TTQTTQTTQ.

Itimpliesthat T is left semiregular and right semiregular.

Remark 2.14 :Every left weakly semiprime ideal of a ternary semigroup T is left semiregular.

Theorem 2.15 : Every left ideal of a ternary semigroup T is left strongly prime if and only if T is left semi
regular and the left ideals of T form a chain under inclusion.

Proof :Let any left ideal of T be left strongly prime, then every left ideal of T is left weakly semiprime. So T is
left semiregular.(By remark 2.14).

Now we prove that the left ideal of T form a chain under inclusion.

Let A,B,C are any three ideals of T, then ABC "BCANCABc AnBNC.
Since every left ideal of T is left strongly prime and AN B N C is a left ideal of T.
So AN B N Cis left strongly prime.

Henceeither Ac ANBNC orBc AnBNCorCc AnBANC.
If Ac AnBNCthenB c Aand C c A
IfBc AnBnCthenAc Band C < B.
IfCc AnBnCthenAcCand B cC.

Conversely, let S be an arbitrary left ideal of T and let A,B,C be three left ideals of T such that
ABC nBCANCAB cS.

Since T is left semiregular, we have
ANBNC=(ANBNC)’ c(ABCNBCANCAB)cS =S.

Since the left ideals of T form a chain under inclusion. Sowe have Ac BorBc CorC c A.

Then either ANBNC=AorBNC"A=BorCnAnB=C.



P. Bindu et a/ /International Journal of ChemTech Research, 2017,10(7):87-93. 92

Hence ANBNC < S.implieseither AcSorBc Sor C < S . i.e, Sis stronglyprime.

Theorem 2.16:Let S be a left weakly prime ideal of a ternary semigroup T with O, defined by 0.0.a= 0.a.0 =
a.0.0, then (S,a) = { x € T/ xaae S} is a left weakly prime ideal of T, for any a € T\S.

Proof :since S be a left weakly prime ideal of a ternary semigroup T, then obviously O€T, and hence 0 €(S,a).
Therefore (S,a) # @. Let xe(S,a); b,c €T. We have (bcx)aa=b(cxa)a=bc(xaa) €S.

Infact xaaeSand S is a left ideal of T. Thus bcx €(S,a). Therefore (S,a) is a left ideal of T.

Let A,B,C be three left ideals of T such that ABC — (S,a) because Aaa,Baa,Caa are left ideal of T.
— AaacSorBaac SorCaacS.= Ac(s,a)orBc(s,a)or C<(s,a).

Theorem 2.17:Let T be a ternary semigroup with identity element e as e.e.a = e.ae = a.ee = aSis a left
weakly prime ideal of T, if J = {a€ T/ aTT < S} is a non empty subset of T , then J is the maximal ideal of T
contained in S and J is left weakly prime.

Proof :First we prove J = {a€e T/aTT < S}isanideal of T. Let ae Jandx,y €T,then
(xya)TT =x(yaT)T =xy(aTT) = xyS =S = xyaeJ.

Now (axy)TT =a(xyT)T =ax(yTT)=(aTT)xyc SxycS=axyeJ
and(xay)TT = x(ayT )T =xa(yTT)=x(alT)yc xSy c S = xay € J.
Therefore J is an ideal of T.Clearly T — S. Let Kbe an ideal of T such that K — S.

Letx e K. ThenXTT <« K < T,s0 x € J. Thus K < J.Hencel is the maximal ideal of T contained in S. For
all left ideals A,B,C of T such that ABC < J.SinceS is a left weakly prime

ideal of Tand J gS.SoAgSongSOngS_

IfAZJorB & Jor C & J, then

JUA JuBandJ uCareleftideal of T,and JcJ UAcSorJcJuBcSor

J cJuC c S. The maximality of J implies that J W A=SorJ uB=SorJ uC =S.
SinceS=JUAcCSUAcSorS=JuBcSUBcSorS=JuCcSuCCS.
HenceJ WA=SUAorJuB=SuBor J uC =S uUC.Then we have J=T impossible.

Remark2.18:Every left ideal of a ternary semigroup T is a left semiregular.

Theorem2.19:Let T be a ternary semigroup. If T is fully left weakly prime, then T is left semiregular and the
ideals of T form a chain under set inclusion.

Proof :Let T be fully left weakly prime and L be any left ideal of T. Thus L = L® and hence T is a left
semiregular. Let A,B,C be three ideals of T, then ABC c AnBNC =Ac AnBNCor

BcANBNCorCc AnBNC=AcB,Cor BcC,Aor Cc AB.

Theorem2.20:1f T is a left semiregular ternary semigroup such that the left ideals of T form a chain under
inclusion , then every left ideal of T is left weakly prime.
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Proof :.Let A,B,C be three ideals of T, such that ABC < T . Since the left ideals of T form a chain, so without
loss of generality, we assume that Ac B;B < C;C < A. By T is a left semiregular and ABC — T, we have

A=A’ =AAAC ABC c T. SOAcT.Hence T is left weakly prime.

Theorem2.21:Let T be a ternary semigroup such that the left ideals of T form a chain under set inclusion, then
T is fully left weakly prime if and only if T is left semiregular.

Proof :The proof of the theorem follows by theorem 2.19 and 2.20.

Theorem 2.22 : Let a be a left semi regular element of a ternary semigroup T . If S is a left ideal not
containing a, then there exist an irreducible left weakly prime ideal Pof T containing Sand not containing a.

Proof :Let {A lie A} be a chain of left ideals of T containing S and not containing a,then UA is a left ideal

of T containing Sand not containing a. Therefore, by Zorn’s lemma, the set of all left ideals of T containing
Sand not containing ahas a maximal element M. Suppose M =B NC D, where B,C and D are left ideals
of T properly containing M. Then by the choice of M ,aeB,acCandacD .Thus ac BNC D =M,

Which is a contradiction. Hence , M is an irreducible left ideal of T. Let L, L, and L,be three left ideals such
that LL,L, c M ; L ZM,
L, ¢Mand L, ¢M .Since L, UM, L, UM and L, UM are left ideals of T , by the choice of M, we have

aelj,aelL,andael, . sincea be a left semiregular element of T, then

aeTTalTalTac TTLTTLTTL, c LL,L, = M.Hence a € M, which is a contradiction. Hence M is a
left weakly prime ideal of T containing S and not containing a.

We can get easily the following corollary from theorem 2.22

Corollary2.23: Let a be a left semi regular element of a ternary semigroup T. If Sis a left ideal not containing
a" for any odd positive integer n, then there exist an irreducible left weakly prime ideal P of T containing S
and not containing a" for any odd positive integer n.

Theorem 2.24:Let T be a left semiregular ternary semigroup. Then any left ideal S of T is the intersection of all
irreducible left weakly prime ideals of T containing S .

Proof :Let S be a left ideal of T and {A lie A} be the collection of irreducible left weakly prime ideals of T
containing S , then S ﬂA . For the reverse inclusion, let a ¢ S,then by theorem?2.22, then there exists an
irreducible left weakly prime ideal P of T containing S but not containing a. Thus a ¢ (1A .Hence, S =(A .
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